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Hybrid Approach to Solution of Optimal Control Problems

Anthony J. Calise* and Martin S. K. Leung’
Georgia Institute of Technology, Atlanta, Georgia 30332

This paper proposes a solution approach for nonlinear optimization problems that seeks to combine the desirable
features of analytic methods that are based on use of simplified models and numerical methods that use piecewise
elementary interpolation functions to represent the solution. The approach is illustrated by a combination of
regular perturbation analysis and the method of collocation, although other combinations of model simplification
and numerical solution methods can also be envisioned. A simple fourth-order nonlinear system is used to illustrate
the conceptual approach for several possible levels of approximation.

Introduction

HE method of regular perturbation analysis has been proposed

as an approach to development of real-time guidance
algorithms.!~> This approach allows approximation of the optimal
control solution by expanding the solution in an asymptotic power
series in a small parameter either appearing naturally in the differ-
ential equations of motion or artificially introduced (through en-
gineering judgment) and used as a bookkeeping parameter for the
analysis. The zero-order problem is a simplified optimal control
problem, which in some practical applications can be solved ana-
lytically. Crucial to the success of the method is that the optimal
solution is reasonably approximated by the zero-order solution, so
that the addition of first- or higher order corrections to the series so-
lution (which usually is not convergent) results in an improvement in
accuracy. The higher order corrections involve the solution of non-
homogeneous linear time-varying differential equations that may be
solved by quadrature. The approach has great success when applied
to systems with small nonlinear terms, so that the zero-order prob-
lem is linear.!'> Also, in certain applications a state transition matrix
may be determined for the first- and higher order corrections, further
facilitating the solution process. The major limitation in guidance
applications appears to be that significant nonlinearities, such as the
aerodynamic effects, must be neglected in the zero-order problem
in order to obtain an analytic solution,*> which is also nonlinear
even in the absence of aerodynamic effects. It turns out in this case
that the zero-order problem is not sufficiently close to the original
problem and the solution begins to diverge even when a first-order
correction is attempted.® A second drawback inherent in any attempt
at analysis by model simplification is that a significant amount of
reanalysis is required when even a minor change in the optimal
control problem formulation is made.

Collocation”® is a general method for obtaining an approximate
solution of differential equations. It involves choosing simple in-
terpolating functions and enforcing the interpolatory constraints at
specific points within segments of the time interval to evaluate the
unknown coefficients. Thus, when applied to an optimal control
problem, it reduces the associated two-point boundary-value prob-
lem to a set of coupled nonlinear algebraic equations. Collocation
methods have the advantages that they are simple to use for a wide
variety of optimization problems, and their accuracy can be im-
proved by increasing the number of segments used in the approxi-
mation. The major disadvantages are that there is no general guar-
antee that the numerical methods employed will successfully solve

Presented as Paper 92-4304 at the ATAA Guidance, Navigation, and Con-
trol Conference, Aug. 10-12, 1992; received March 9, 1992; revision re-
ceived Sept. 27, 1993; accepted for publication Nov. 29, 1993. Copyright
© 1994 by the American Institute of Aeronautics and Astronautics, Inc. All
rights reserved.

*Professor, School of Aerospace Engineering. Fellow AIAA.

¥ Currently Project Manager, Business Development, Champion Technol-
ogy Lid., 9/F Kantone Centre, 1 Ning Foo Street, Chai Wan, Hong Kong.
Member ATAA.

966

the nonlinear programming problem under all circumstances, and
the dimension of the problem increases proportionately with the
number of segments.

It is apparent from the above discussion that the advantages of an-
alytic and numerical methods are in many respects complementary
in the sense that if the advantages can be combined in some way,
then most of the important disadvantages (from the viewpoint of
real-time applications) can be reduced. This paper proposes two of
possibly many ways to obtain such a hybrid methodology, with the
potential for use in the development of real-time optimal guidance
algorithms. The first approach uses the method of regular expansion
to improve upon a collocation solution, thereby reducing the error
for a given number of segments. The second approach improves
upon the first by using both regular expansion and analytic methods
to identify more intelligent interpolating functions in the collocation
method, again with the objective of improving the level of accuracy
without increasing the number of segments. An application of the
second approach to launch vehicle guidance is treated in a compan-
ion paper to this one, and further details regarding this application
may be found in Refs. 6 and 9.

We begin with the formulation of a regularly perturbed optimal
control problem. This is followed by a discussion on the use of
collocation for generating approximate solutions and how it can be
used in the setting of regular perturbation analysis. The hybrid use
of the two techniques is then illustrated in a Duffing equation exam-
ple, in which several interpolating functions of increasing degrees of
sophistication are used and evaluated. First- and second-order cor-
rections in the asymptotic series approximation are also included to
complete the example.

Regular Perturbation in Optimal Control

The optimal control problem formulation considered here is to
minimize a-performance index that is a function of the terminal
states and time, subject to nonlinear dynamic constraints:

J = min[¢ (x, Dli;; ey
Xx=f(x,u,t)+eglx,u,t), x(to) = xo, t € [t ty]

@)

and the terminal time constraints ¥;[x(¢;)] =0,i =1,..., p <n.

In Eq. (2), x is an n-dimensional state vector and u is an m-
dimensional control vector. The expansion parameter € may be ar-
tificially inserted to signify the presence of small nonlinear effects.
The Hamiltonian and transversality condition are given by

d=¢+vTy (3

H=\'(f+eg), H(ty)=—-%l,,

The costate equations and associated boundary conditions are
i = HX ’

Mig) = Bl @
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where the subscript is used to denote partial differentiation. In the
absence of control constraints, the optimal control satisfies

H,=\'(fu+eg)=0 (5)

assuming that H,, > 0. In the above final time is free; thus we
introduce a new independent variable T = (t — #,)/T, where T =
t; — t, and rewrite the necessary conditions of Egs. (2—4) in the
following equivalent form:

x' =HT, x(t = 0) = xo, Yix(z=1]=0 (6
A= —H,T, )&(T = 1) = Qxlr:l (7)
T =0 8

H=)T[f(x,u,tT + 1) +eg(x,u, 7T + tp)]

)
H(r=1)=-Pi|rz

where (o)’ denotes d(e)/dt. In a regular perturbation analysis, the
objective is to approximate the solution to Eqgs. (6-9) by an asymp-
totic series in x, A, u, and T as follows:

X = X+ €x; + €2y + -
A=xo+ €A + €+
U= ug+eu +€uy+---
T=T+el1 +eT, +---

(10)

Assume the functions f, g, ¢, ¥ have piecewise continuous deriva-
tives up to order at least K + 1, where X is the order of approxima-
tion. Using the Taylor series formula, a finite series approximation
is constructed according to

£ dF
F(ao + Zake"> = F(op) + ‘5
k=1

-H?Z(E

(o]

o0

1 d&*F

o+ ———
2! do?
L00]

do

af)+~-- an

where o = {x, A, v, u, T}. Substituting the series representation for
each of the variables in Egs. (6-9) and equating like powers in €,
we obtain the zero- and higher order necessary conditions. To zero
order we have

]

ax dH,
=2 xo(fo) = Xo, Ylxo(to + To)] =0
ot drg
e —0H R & (xo, 7
2= 2 Ao(t=t0+T0)=-Q—-)
ot 0xo 0% |iygrny
(12)
0 Hy _
8u0 -
~ n D(xo, f
Hy = AT f(xo,u0,7), Holf =10+ Tp) = —-(—07—2
ot I=tg+Tp

In Eq. (12), the new independent variable f = 1Ty + to has been
introduced, where it should be noted that in the zero-order prob-
lemT =T,.

It can be shown that all of the higher order problems involve the
solution of dynamic equations of the form

d (x| _ [An(xo, o To) Ap(xo,ro, To) | | xk
df | M A (xo, Ao, Tp)  Aza(x0, Ao, To) | | Ak
T, | Ci(xo, 2o, To)
To { Ca(x0, Ao, To)

P J A0y 1oy ooy X1y ity T
[lk(x() 0> To k1> Ak—1 kl)] 13)

Py (x0, Ao, Tos - -+ Xp—12 A—1, Tiem1)

where
Ap = fo— LAV ST Ax
Ap = —fIFIVI ST

Aot = =02+ FIRMGTDI ST 0s
(14)
An = —f7 + FIOJST I ST

Ci=f+ @~ w){fi = ALATDIHET D)
Cy = —fIh — (= t){(FT e — FIOMST OIS0
andfork =1
Py =g — ful(fI W18l A
Py = —glh = (fIN(fT V)] gl 2

All the matrices in Eq. (14) are evaluated at the zero-order solution
values. To complete the necessary conditions, it is also required to
expand the boundary conditions and the transversality condition in
Eq. (3). Note that Eq. (13) explicitly shows the effect of higher order
corrections to the final time T'. If the solution process is terminated
at, say, k = 1, then a real-time sampled data implementation of the
control solution would be constructed as follows. For the original
system in Eq. (2), an expression for the optimal control is obtained as
a function of x and A from the optimality condition in Eq. (5). Then,
treating the present state as the initial state, a first-order approxima-
tion is obtained by using Aq(#o) + €A1 (%) as an approximation for
A(t) to compute the control, where Ao(f) and A, (#,) are obtained
from the solutions of the zero- and first-order necessary conditions.
This process is repeated at the next control update time by regarding
the value of the state as the new initial state. Therefore, it is nec-
essary to repeat the zero- and first-order solutions in updating the
estimate of the costate variable.

The nonhomogeneous linear ordinary differential equations in
Eqgs. (13-15) may be expressed in terms of a convolution by first ob-
taining a state transition matrix. The state transition matrix Q4 (7, to)
is merely the partial derivative of the zero-order solution at f with
respect to the initial conditions xy(%) and Aq(%); hence it is easily
computed given an analytic zero-order solution. In Appendix A it
is shown that the result can be expressed in the form

() _ N xi (1)
[kk (f):| =R, 10) |:}»k (to)]
P n @] P
+f,o 2ally ”{ T [Cz(f)] l:sz(T)] } dr
A xk(to) F—to [%0()
=, T O
At ’°)[xk(to)]+ T [)»0(1)]

N Y -
n f QG z)[P:’;Eg]}dr (16)

Using the above expression at f = T, along with the expansions
of the boundary conditions, we can solve for A.(f), v, and T}
from a set of linear algebraic equations.” Thus the major part of
the computation for the first-order term lies in the quadrature that
must be performed in Eq. (16). In a discrete time implementation,
if the current state is regarded as the initial state, then x;(f) =
0 in Eq. (16) since xy(#,) satisfies the initial condition on the state
variable. Since the zero-order solution changes at each update of the
initial state, it is necessary to repeat the quadrature at each update for
the higher order corrections. Alternatively, we can fix the zero-order
solution and treat x;(#y) as the deviation between the current state
and the zero-order solution computed for the original epoch time but
evaluated at the present time. In this form it would be possible to
precompute the quadrature and store it as a function of a monotonic
variable along the trajectory. Thus the real-time process of solving
the zero-order problem and the quadrature can be avoided.

as)
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The case of discontinuous dynamics, such as might arise in a
piecewise representation of the original problem, can be handled
by a simple modification of Eq. (16). For example, in a two-stage
representation we would have

x(f) @2 o xi (to) t, — 1o [%5° (1)
= 5 Q S T .
[Ak(f)] 2 (t"){ a (s 1o) i (70) Tl To [APa)
s PP(1) i1 [x2F)
V¢, 1k d Ti—— |2 "
+/,0 a ¢ ”[Pf,?(r)] T}+ ‘T [x{f)(t)]

d n P? A
+ f 2| %" | ar, £>1 (a7
5 Py'(m)

The superscripts (1) and (2) denote the expressions for different sets
of dynamics and f, is the interior point where discontinuity occurs.
This is needed in the next section when considering collocation
methods that give rise to a discontinuity in first- or higher order
derivatives at the nodes.

As stated earlier, the motivation behind a regular expansion of
the solution lies in the assumption that the zero-order problem in
Eq. (12) is considerably simpler to solve than the original problem
in Egs. (2-5). If numerical methods are still needed to solve the
reduced problem, then little is gained by introducing regular expan-
sions. Therefore, the reduced probiem in a regular expansion should
be analytically tractable to be of any value. On the other hand, one
must retain enough of the original problem dynamics so that the
zero-order solution is a reasonable approximation. These conflict-
ing requirements may not be reconcilable in many applications of
practical interest, unless a highly efficient numerical method is used
to solve the zero-order problem. In the next section, we consider
the use of a collocation method and artificially introduce a regular
perturbation problem formulation whose solution serves to improve
the collocation solution.

Method of Collocation

Collocation is a method for constructing an approximate solution
to a set of differential equations by segmenting the time interval and
representing the solution by piecewise polynomials. The unknown
coefficients are determined by enforcing continuity at the nodes and
that the derivatives of the interpolating functions satisfy the differ-
ential equations at some specified points within each segment. In
this section we consider an optimization problem with unperturbed
dynamics dx/dt = f(x, u, t) and Hamiltonian H = AT f. For sim-
plicity, assume a first-order polynomial approximation where the
derivative constraints are enforced at the midpoint of each segment.
These constraints can be expressed as

X;—Xj_y oH
=t Py ) 2= k= )2
Ai— A o0H
q;j = '7\1——',\]— = —3_ a9
=t X i+ /2= 4y o) 2:0=0 430/
X+ pE—F_), j=1,...,N 20)
x(f) = )»j—1+q,‘(f—fj~1), felij1,1l,

fo=to,iv=1+T, (21

where N is the number of segments. The control is assumed to have
been eliminated using the optimality condition. In practice, it is
more convenient to directly evaluate the nodal values (xo, Ag, -. .,
Xy, Ay) rather than finding the coefficients of the interpolating func-
tions. Though higher order polynomials such as Hermite’s cubic are
generally preferred (because of their smoothness properties), we
consider a first-order representation to simplify the presentation,

although the approach applies equally well for higher order repre-
sentations.

A regular perturbation formulation may be introduced by rewrit-
ing the actual dynamics in the following form:

X =p;+e(H, - pj)

ho=q;+e(—H, —gqp) @2)

H, =0, fE[fj-],fj]

Note that € has been introduced as a bookkeeping parameter and has
a nominal value of 1.0. The justification for this step is that if the
collocation solution alone accurately approximates the true solution,
then the second terms in Eq. (22) may be regarded as having a small
perturbing effect on the state and costate derivatives, which actually
is zero at the midpoints of the segments. If the control cannot be
eliminated explicitly in the collocation formulation in Egs. (18-21),
then an analytic portion IT(u, x, A) of the optimality condition (for
which it is possible to eliminate ) can be extracted such that

0=TI+e(H, —IT) 23)

Note that in the above equations H is the Hamiltonian correspond-
ing to the original system without a perturbation parameter. As pre-
sented above, a collocation solution may be viewed as the zero-order
solution for the regular perturbation problem formulated in Eq. (22).
Also, as will be shown by example in the next section, more intel-
ligent choices of interpolation functions can be identified from the
necessary conditions, by utilizing to the extent possible the analyt-
ically tractable portions of the solution. This results in a significant
decrease in the computational requirements for a given level of ac-
curacy.

Now we can apply the perturbation technique described in the
previous section to improve the approximate zero-order solution
from collocation. For the higher order problems defined in Egs. (13-
15) we have

4 dp; °H I
1, = 5= =
dx dxdA F==( 401/ 2 x=0xj4+x ) [ZA=(j+Aj1)/2
A Bpj 32H
2T % T |
F=(@ 1) 2= 2 1) /2= +A ) /2
A — aq; _ 9*H
T x|
P=( 1)/ 2x=(xj+x-1)/2A=(j+1 j_1)/2
A ag; ?H
27 9 T T onox

f:(fj+fj-1)/2;x=(xj+xj_1)/2;A=(Aj+lj_|)/2

C,=pj+@- fj—l)P:,—

3 8H+(£ ; )3211
T\ YT

B 3H i )82H
- ax V8¢ ax

=@ /2= +x /%

A=0j+3./2

f= (;j +fj_l)/2;
=0 +xjo /2B k=05 +lj_1)/2
(24)
and fork =1,
oH

Pyy; n - Pj

Bx=xj_1+pj((—F_11A=hj_1+4;(F—1j_1) (25)
oH
Py, = Tax —4j

Bx=xj_14+pj(F—F_1\ir=Aj_1+q;F~F_1)

where all the terms in Eq. (24) are constant within a segment and are
evaluated using the collocation solution. The matrix A; is simply
the perturbation of the original state and costate dynamics evaluated
at the constraint point of each segment. The expression in Eq. (16),
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which now corresponds to a piecewise constant system matrix Aj,
can be written as

xe () P xe(F;-1) T: n A -
a1 =4, 8- I —Qa. (1A
I:Ak(t)] a;(8, l)[)\-k(tj—l) + T 4; 8, 1) A]

x ([p;] + (f—fj~1)|:ptj] +A;1|:p’j ])
q} qtj q!i

+ f Qu, r)[Plk(t):ldr, felf;, -l (26)

Py (1)

where €2,;is the state transition matrix and p;;, g;; are defined in
Eq. (24). Note that Q A is not the same as in Egs. (16) and (17)
because A is defined differently. The state transition matrix here
may not have an analytic expression because the zero-order solution
is not necessarily analytic. If this is true, we can solve Eqs. (24) and
(25) using the sensitivity functions and superposition property of
linear systems. This is done by assigning a unit vector for the initial
conditions and numerically integrating the system from #, to £, + Tp.
Thus by changing the position of the nonzero element in the unit
vectors, the sensitivity functions are obtained. This process can be
done in parallel for different unit vectors.

In the zero-order solution, € in Eq. (22) is set to zero, which
means that the standard collocation constraints in Eqs. (18-21) are
employed and an approximate solution is obtained by solving the
algebraic equations. Then first- and higher order corrections may be
computed by quadrature, as explained in the preceding section on
regular perturbation.

Duffing Equation Example
This investigation was carried out to demonstrate the hybrid ap-
proach outlined in the preceding section. The example is based on
Duffing’s equation presented in its first-order form:

X =v x(0) = xg
(27

v=—x—ax’+u, v(0) = vy

and the objective is

1y 2
min [sxﬁ(zf) + 8,070 + / (1 + ”?) dz] (28)
“ 0

with S, S, being the weights on the terminal values and ¢; is free.
The problem can be converted to the Mayer form in Eq. (1) (if
desired) through the usual method of introducing an additional state
equation whose right-hand side is the integrand of Eq. (28). We
investigate the problem in different levels of complexity according
to how the dynamics of the full system are treated.

Level 0 Formulation

This is the degenerate case in which there is an analytic zero-
order solution, and therefore collocation is not required. Let € = a,
thus neglecting the hardening effect ax3 in the original problem.
The necessary conditions are

X =, x(0) = xp

D= —x+u—ex v(0) = v,
Ay = Ay + €32,x2,

Ax(ty) = 28:x(ty) (29)

Ay = —Ay, A-v(tf) - 2va(tf)
H=u+)=0

{H=2v+A(—x+u—ex})+1+ %uz}Lf =0
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The zero-order problem (¢ = 0) is linear and time-invariant and can
easily be solved as

xo(f)
vo(F)
A-x()(f)
A'1)0(;)
[ cosf sinf 3(sini—7cos ) —3fsin{
_ | —sinf cos? 1fsinf ~1(sin f +17 cos 7)
0 0 cos t sin 7
L 0 0 —sin f cos
[ xo(fo)
volf,
x| Tt (30)
Axo(to)
| Avolfo)
where
f= i\— ;0, ;0, f € [0, To] (31)

The abO\ie state transition matrix is also the state transition ma-

trix Q,4(#, to) for the higher order correction. Given the bound-

ary conditions xo(0) = xo, v0(0) = wvo, Ax0(To) = 28:x0(To),

Aw(To) = 28,v0(Th), the remaining unknowns A.(0), X,0(0),

Ax0(To), Ap(Tp), Ty can be solved with Newton’s method using

Eq. (30) and the corresponding transversality condition

— 142 —

{Ho = hxovo = Auoxo — 323 + 1}, =0 (32)

From Eq. (13), the differential equations for the higher order
problems are as follows:

Xy 0 1 0 0 Xk
dluw | _|-10 0o -1||wun
df Axk 0 O 0 1 )‘-xk
Aok 0 0 -1 0 Aok
vo(f) Pi(®)
T, | —x0() — Aot Py (i
T o(®) A o(t) Zk(A) 33)
Ty Awo () Py (1)
—Aso(®) Py (f)
with the boundary conditions
x(0) = v (0) =0, Ak (To) = 28, x:(Tp)
Aok (To) = 28, v:(To) (34)
In this case, we have, fork =1, 2,
Py =0, Py = —x3, Psy = 3X,0x;, Py =0
Py =vT\/Ty,
Py = —(x1 + A +x)T1/To — 3x5%, (35)

Py = (M1 + 3h0x3) T1/ To + 3hu1xg + 3As0X0%:
Py =—2aTi/To
and the transversality conditions
{Hy = Ax1¥ — A1 (%0 + Ao) + Axov1 — Ayo (1 + x3)}p, =0
(36)
{Hy = Aavo — 22 (X0 + Aso) + Axovz + Ay Xy — 3Ay0x3%;

—Aot(x1 + A1 +23) + $A2 g, =0 (37
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Fig.1 Level 0 result for x(?).
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Fig.2 Level 0 result for v(f).
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which are needed to compute the first and second-order corrections
by quadrature. The results are shown in Figs. 1-4 forxy = 1, v, = 2,
S, = S, = 100, and a = 0.4. The first-order state and costate histo-
ries are stored and later retrieved by linear interpolation to construct
the second-order solution. The optimal solution generated using
a multiple shooting technique!® is also included for comparison.
These results clearly show that the series is not convergent and that
the most accurate approximation is obtained using a first-order so-
lution. If we regard this level of accuracy as insufficient, then the
conclusion must be that the nonlinear term ax? is too large to be
neglected in the zero-order solution.

HYBRID APPROACH

Level 1 Formulation

This case illustrates the hybrid approach as outlined in the section
on collocation using a piecewise linear representation to approxi-
mate the states and the costates for the zero-order solution. The
dynamics in Eq. (29) are first written in the form of Eq. (22). This
entails substituting € = a (its actual value) and introducing (arti-
ficially) a newly defined € as the bookkeeping parameter for the
expansion. The interpolatory constraints for an N equally spaced
segmentation are

Xpj — X0j--1 Voj + Voj-1
= = Dy 8
To/N 5 Pxj (38)
Yoj — Voj-1 _  Xoj +Xoj-1  Awj + Auwj-1
T,/N 2 2
Xoj -+ Xo; }
—a(—-°’ > °"‘) = py (39)
Axoj — Axoj—1  Ayoj + Avoj-1
To/N 2
Xoj + Xoj :
x [1 +3a<——————O’ 5 °f“) ] =gy (40)
Ayoj = Avoj—t Ax0j — Ax0j—1
=- =gy a1
To/N 2 o “h

with the boundary conditions and transversality condition given by

X00 = Xp, vgo = vy, Arxon = 28, xon

Avon = 28, von 42
Asonvon + Avow (—Xon — Aon — axgy) + 322, +1=0

There are 4N + 5 equations to solve for the 4N + 5 unknowns of
X005 V00, Ax00s Ax00s - - - » X0N > YON s Ax0N»> AvoN, To. Solutions for sev-
eral values of N are presented in Figs. 5-8. Note that accuracy
improves with increasing N, but at the expense of having to solve a
large nonlinear system of equations.

——te— N
5% 4 =
1s 5/"/‘5\ ——e-- N=
., ah
:9,’ LYY ——e-= N_§
'3 \ .
0 N a4 Optimal
\\\
AN
X \\\\\\‘
\
45 RN
A‘\\N
L
LN
a NS
qo0 Addey
5 T T T
0 1 2 3 4
Time

Fig. 5 Level 1 zero-order results for x(f) for different values of N.
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Fig. 6 Level 1 zero-order results for v(f) for different values of N.
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Fig. 7 Level 1 zero-order results for \.(¢f) for different values of N.
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Fig.8 Level 1 zero-order results for X, (?) for different values of N.

The higher order dynamics in this case are

—

Xk 0 1 0 0 Xk ij
% | |- 0 0 —1 Vi +E Doj

dai | A | b 0 0 4 Axk Ty | 9%
Aok 0 0 -1 0 Ak Gvj
Py (t)
Py (F) s _0rp

| pi) | teft,tial “3)
Py (t)
where

c=1+3axils, b=6aCw0x)lr, I=3iG+i-) (44)

The state transition matrix expression for this case is given in Ap-
pendix B. For k = 1, 2, the forcing function terms in Eq. (43) are

Py = v ~ psj, Py = —xg — hyo — Axg — Py
P31 = Ao(1 +3ax3) — q.), Py = —hpo — quj
Py = (1 +vo — p)T1/ Ty
Py = (—cx1 — A1 — Xo — Ao — aX3 — pyy)
x Ti/To — 3axolixi — (1 + 3ax? — ¢)x, (45)
Py = [chy1 + bxy + dyo(1 + 3ax} — g.;)]
xTy/To + 6ax0|ikv1x1 + 3aku0|;x12
+ (1 + 3ax? — c)hy + (6aryoxo — b)x;
Pry = (—Ay1 — Ao — g0)T1/ Ty
where
x0(f) = xoj-1 + P E — 1j-1)
vo(f) = voj—1 + po(f — 1)
Ao (F) = Aeojot + 4 (F — F5-1)
hoo(F) = Ayojot + qu; (F — F,-1)

(46)

The boundary conditions in Eq. (34) are applied by replacing x; (0),
U (0), xx (7o), v (7o), Axk (To), Aui(T0) With x40, Veo, Xiws Vens Axin,

Avkn . The corresponding expansions of the transversality conditions
in this case are

0 = Ainvon + Axon Vi — Auiw (oy + axdy)
+ hoow (—X1v = Auon — axXgy)

0 = Aaanvon + AxonVan + Asin Vi — Avaw (voy + axay) (47
+ hvon (—X2n — Avaw — 3axgyXan)
A doin (=x1y — 3axgyx) — 342y

First- and second-order corrections were computed for the case
where N = 3 was used in the zero-order collocation solution. The
results are shown in Figs. 9-12. Comparison with the N = 3 results
in Figs. 5-8 shows that a significant improvement in accuracy is
achievable without requiring a large number of segments. In Figs.
9-12 the second-order solution is indistinguishable from the optimal
solution. The discontinuity in slope (which is a consequence of using
first-order interpolation functions for the collocation solution) is
also smoothed as the order of the correction increases. Contrary to
the level 0 formulation results, the second-order corrections do not
diverge due to the fact that the nonlinear term has been accounted
for in the zero-order collocation solution.

Time

Fig.9 Level 1 higher order resuits for x(¢) for N = 3.
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Fig. 10 Level 1 higher order results for v(¢) for N = 3.
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Fig. 11 Level 1 higher order results for A, (f) for N = 3.
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a Optimal

Lambda-v

Time
Fig. 12 Level 1 higher order results for A\, (f) for N = 3.

Level 2 Formulation

As a second illustration of a hybrid solution approach we retain a
portion of the dynamics from the necessary conditions to identify a
more intelligent interpolating function for the hybrid level 1 formu-
lation. Consider the following simple modification of Eq. (22) for
this example:

xX=v
= Dy +E(_'-x - A'v - a-x3 - ij)
Ao = qyj + €l (1 +3ax?) = g,
Ay = —Ay

48)

Note that now we interpolate only the variables that have nonlinear
coupling (v and A,) and that the interpolations for x and A, retain
the dynamics in the original problem. This portion is analytically
tractible and therefore should provide a more suitable interpolation
than the simple first-order forms assumed in the level 0 formulation.
The interpolating functions in this case are

xo(f) = xo(fj—l) + [voj—1 + %ij(f_ fj—l)](f - fj—l) (49)
vo(7) = vo(fj—1) + py(F —F;-1) 50
Axo(F) = Asojo1 + guj(F — Fj-1) 62))

Mo(F) = Mo(fjo1) — [hsoj-1 + 365G = H_DIE —F;1)  (52)
Consequently, there are fewer unknowns (2N 4+ 5) to be solved and
the dynamics retained in the formulation should improve the zero-
order collocation approximation. This allows even fewer segments
to be used. To evaluate the zero-order solution, conditions in Eq.
(42) are enforced by replacing xox, Ayon With xo(Fy), Avo(fy) from
Eqgs. (49) and (52), and similarly for the first-order expressions. The
forcing terms for this case are

P, =0,
P31 = Aol + 3axd) — gy,

3
Py = —xp — Ayo — aXy — Pyj

53
Py=0 ©3)

and the state transition matrix is the same as that in level 1.
Figures 13 and 14 show the zero- and first-order state solutions
for the case N = 2. The results show that the zero-order solution is
dramatically improved in comparison to the zero-order solution for
N = 3 of the level 1 formulation in Figs. 9 and 10. The accuracy of
the first-order solutions in Figs. 13 and 14 is very good and is almost
riding on the exact solutions, even though a cruder segmentation has
been used. A similar trend was observed for the costate histories.

Level 3 Formulation

In this last demonstration, the level 2 formulation is further en-
hanced. All the linear terms are retained in the zero-order solution,
and the nonlinear terms in the v and A, dynamics are approximated
by piecewise constants. The resultant expression is as follows:

X=v
U= —x — A, + pyj +€(—ax® — p,j)
de = Ay + quj + €Ay 3ax? — qy))

Ay = —Aye

54
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Fig. 14 Level 2 higher order results for v(f) for ¥ = 2.

This is equivalent to the level 0 formulation except for the interpo-
lation constants p,; and g, ;. This formulation represents an attempt
to make maximum utilization of the analytically tractable portion
of the solution in selecting the interpolating function for the collo-
cation solution in the zero-order problem and therefore represents
an improvement over the level 1 and 2 formulations. In compari-
son to the zero-order level 0 formulation, the constants p,; and g,;
provide the additional freedom needed to satisfy the exact equa-
tions at the midpoints through the constraints imposed by Egs. (18)
and (19). Recall that in these equations H is the exact Hamilto-
nian for the original problem, whereas in the level 0 formulation the
hardening effect is ignored in the zero-order solution. Hence, the
effect of the nonlinear terms in Eq. (29) is partially accounted for
in the zero-order solution. This also occurs in the level 1 and level
2 formulations.

The zero-order solutions in this case are similar to that for the
level O case:

x0(F) = [x0(fj—1) — Puj — gxs1c0s  + vo(fj_1) sin ¢
+ Ayo(Fj_1)[sin 7 — f cos £1/2
— Dao(i—1) + qus)E sin 1/2 + py; + g,
vo(#) = —xo(Fj—1 ~ poy = gxj] sin 7 + vo(Fj_1) cos 7
+ AsoGy_)7 sin 7/2 (55)
~ [Ayo(Fj—1) + quj1(sin 7+ cos £)/2
Axo(F) = Axolfj1) c0S T + [Ago(Fj-1) + goj] sin £

)wo(i) = _‘)‘XO(;j—l)Sin t_+ [)‘-uo(fj-l) +qxj]COS ;_ qxj
where

3
Poj = =X |xiG48;_1)2)
2
Gxj = 300Xy G+ 1)/20x1G) +-)/2) (56)
[_=t—fj_1 fe[tj_l,tj]

In this formulation, an efficient way to find the collo-
cation solution is to solve for the 2N + 5 unknowns of
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Fig. 16 Level 3 higher order results for v(f) for N = 1.

%0(0), v9(0), A:0(0), 2,0(0), Pu1, g1 - - -+ Puns Gans Ero using Eq.
(55) in Egs. (56) and (42). The hlgh order formulations are obtained
in the same manner as the previous levels and are not repeated here.
The zero- and first-order results using only one segment are shown
in Figs. 15 and 16. Though the first-order results are not as accu-
rate as those in level 2 (because only one segment is used), both
zero- and first-order solutions are far superior than the level 0 re-
sults (Figs. 1 and 2), which correspond to the degenerate case of
only one segment.

Conclusions

A hybrid analytic/numerical approach for solving optimization
problems using regular perturbation and collocation methods has
been presented. The hybrid approach shows that it is possible to
significantly improve a collocation solution without i mcreasmg the
number segments. The loss in accuracy that results from using a
smaller number of segments is compensated by the addition of
higher order corrections to the solution based on regular pertur-
bation theory. Viewed a second way, using collocation to solve the
zero-order problem in a regular perturbation expansion allows more
of the dynamics to be retained in the zero-order solution. It has also
been shown that further dramatic improvements can be achieved by
selecting more intelligent interpolating functions that are derived
from the analytically tractable portions of the necessary conditions.
The approach has important implications in real-time guidance ap-
plications.

Appendix A
We want to show that

_/ Qi [CIE ;]dr= T"t;oto[;zg] (A1)

in Eq. 16. Let fi = %p(x0, Ao, 7), fo = Ao(xo,lo, T), assuming u
being eliminated, and recall that

f1+(T—l‘o)-ﬁ C2=f2+(’f—to)-é

(A2)

HYBRID APPROACH 973
The left-hand side of Eq. (A1) becomes
%/ 20, r){a‘-‘;((f *%)[2]) — @ ~1)
o o
<5 % |[1])
dxp o

Using integration by parts on the first term in Eq. (A3), we have

T, R Ni
(e[ )]

I;c d d ~ fl
_FO/H; (‘L’ "t())(EQA(t, 'C))[fz] d

Tt

A o of
Tk 4 ~ on 3).0 fl
- T —1)Q4(, T dr A4
To/,(,( UL P (A4)
8xo alo
Substituting the state transition matrix property
o oh
d A ~ 8xo 3).0
—Qu(t, 1) = —Qu(¢, AS
3; . 0) 4, 7) o of (A5)
3X() 3)\,0

into Eq. (A4), the last two terms cancel and the result is
demonstrated. This result was also used in Eq. (26).

Appendix B

The state transition matrix for the level 1 case of the Duffing
example is

an ap a3 a4
- a a —a a
2401, 10) = *b31124 billzs ai‘: "02‘1‘ (B
—bayy ~ba;; —ap ay
Forb >0
a=c—+/b, B =c++/b, f=f—1
ap = 2=°¢ cos(f+/a) + -8 cos(t\/_)
- B -8
b= (a(i_ﬂ)——f sin(f/a) + ﬂ «/_ sm(t\/—)
-1 L
W= CTh T sin(7y/a) + ﬁ) 7 sin(fy/B) (B2)
ay = cos(tf) cos(t\/_)
2
ay = ¢ ﬂ)f s1 n(i/a) + }3)\/— sm(t\/—)
Gpy = f s1n(t\/_) + my sin(t_\/E)
Forb < 0
9=%< 2yt —b~2, p=1/3(c+vc2-b)
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_ 2 +¢—c
T 20002 + ¢2)
+ 2 +¢*+c

2¢(6% + ¢2)

sinh(81) cos(¢1)

an
cosh(91) sin(¢7)

as sinh(81) cos(¢t)

—1

T 2002+ )
1 ~ .

+ W cosh(#7) sin(¢pf) (B3)

_E—b—c(6®+¢?)

ay = @+ ) sinh(67) cos(¢f)
b—c?—c(0®+¢? o
+ 2@+ 57 cosh(01) sin{¢t)

ay = —;51 sinh(67) cos($f) — 2—1¢5 cosh(87) sin(pf)

The state transition matrix has the same structure of that in level 0
forb=0.
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